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Abstract. Every countable directed graph generates a Fock space 
Hilbert space and a family of partial isometries. These operators 
also arise from the left regular representations of free semigroupoids 
derived from directed graphs. We develop a structure theory for 
the weak operator topology closed algebras generated by these rep- 
resentations, which we call free semigroupoid algebras. We charac- 
terize semisimplicity in terms of the graph and show explicitly in 
the case of finite graphs how the Jacobson radical is determined. 
We provide a diverse collection of examples including; algebras 
with free behaviour, and examples which can be represented as 
matrix function algebras. We show how these algebras can be pre- 
sented and decomposed in terms of amalgamated free products. We 
determine the commutant, consider invariant subspaces, obtain a 
Beurling theorem for them, conduct an eigenvalue analysis, give 
an elementary proof of reflexivity, and discuss hyper-reflexivity. 
Our main theorem shows the graph to be a complete unitary in- 
variant for the algebra. This classification theorem makes use of 
an analysis of unitarily implemented automorphisms. We give a 
graph-theoretic description of when these algebras are partly free, 
in the sense that they contain a copy of a free semigroup algebra. 



1. Introduction 

We initiate the study of a new class of operator algebras which we 
call free semigroupoid algebras. These algebras include, as special cases, 
the space realized as the analytic Toeplitz algebra \13\ 116] and the 
prototypical free semigroup algebras of Popescu, Davidson and Pitts 
(see PQi IHl ini lim I25|, I30|, I31j ). However our context also embraces 
finite-dimensional operator algebras (inflation algebras), finite and infi- 
nite matrix function algebras, as well as operator algebras with free or 
partly free structure. Thus we have a unifying framework for the free 
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semigroup algebras which includes the classical analytic Toeplitz alge- 
bra as part of a general class, rather than as an exceptional case. The 
framework also includes various nest algebras and finite dimensional 
digraph algebras but in a represented form wherein the commutant 
algebras have a similar character. 

The generators of these algebras are families of partial isometrics and 
projections which arise from countable directed graphs. Each graph G 
naturally determines a generalized Fock space Hilbert space and partial 
creation operators which act on the space. Alternatively, these opera- 
tors come from the left regular representation of the free semigroupoid 
derived from the directed graph, thus giving further credence to the 
terminology. 

The norm closed versions of these algebras, in the case of finite 
graphs, were considered by Muhly [28j with particular reference to 
commutant lifting, the Shilov boundary and the C*-envelope. Subse- 
quent work with Solel [29] on more general (norm-closed) tensor al- 
gebras addressed the structure of ideals. Wold decompositions and a 
Beurling type invariant subspace theorem. There is some overlap here 
with our development which we point out in Sections 4 and 8. 

Presently there is considerable interest in C*-algebras generated by 
families of partial isometrics associated with directed graphs and how 
these algebras relate to the Elliott classification programme. The set of 
generators in this case is sometimes referred to as a Cuntz-Krieger E- 
family (for instance see jHlHSlUZI)- On the other hand, our generators 
are of Cuntz-Krieger- Toeplitz type and we shall see that it is natural 
to include the initial projections. Moreover, our analysis is thorough- 
goingly non-self adjoint and spatial: we consider one-sided generalized 
Fourier expansions, the Jacobson radical, invariant subspaces, spatially 
implemented automorphisms, reflexivity and Beurling type theorems. 
Much of this analysis goes into the proof of our main classification 
theorem, that the algebras are unitarily equivalent if and only if their 
directed graphs are isomorphic. 

Note added in proof. This paper has motivated a number of recent 
papers on non-self adjoint graph algebras and related topics including 
[TtllT7llT5llTmi2nimil2mi^l55j . 

2. Main Results 

In this section we outline the main results of the paper. Every count- 
able directed graph G generates in a recursive way a tree graph and 
an associated Hilbert space Tic- On this Hilbert space, which can be 
viewed as a generalized Fock space, there are natural 'partial creation 
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operators' {Le}, one for each directed edge, and projections {L^}, one 
for each vertex [28j. Ahernatively, the family {L^jL^} arises through 
the left regular representation Xq of what we term the free semigroupoid 
of G determined by the directed paths and vertices in G. We develop a 
structure theory for the woT-closed algebras £g generated by families 
{Le, Lx}, which we call free semigroupoid algebras. 

There is also a natural right regular representation pc determined by 
G. This yields partial isometrics and projections {Re, Rx} on Tic which 
commute with {L^, L^}. In fact, the woT-closed algebra O^g generated 
by {Re,Rx} coincides with the commutant £,q = yic- Furthermore, 
yi'^ = 2g and hence £g is its own second commutant. We establish 
this by first observing that £,g is unitarily equivalent to £Hg' , where 
is the transpose graph with directed graph obtained from G simply by 
reversing the directions of all edges. In general, the algebras and 
DIg* can be different and so this is a departure from the free semigroup 
case, where and £H„ are unitarily equivalent just by symmetry. The 
methods here provide Fourier expansions for all elements of S^g, giving 
us a key technical device. 

The question of semisimplicity is considered in Section El and we 
prove £g is semisimple precisely when G is transitive in each compo- 
nent; that is, every edge lies on a cycle. Also we show for a finite graph 
G that the Jacobson radical of 2g is woT-closed, nilpotent and equal 
to the ideal generated by the Lg which correspond to edges e G E{G) 
which do not lie on a cycle in G. Further, we show there is a block ma- 
trix decomposition of B(Hg) such that the radical is the off-diagonal 
component of £,g in this decomposition. 

In Section 6 we discuss several examples illustrating the diversity 
of the algebras £g. In particular, a matrix function representation 
is obtained in the case of the graphs which are a single directed cy- 
cle. Also we indicate how amalgamations of graphs correspond to the 
(wOT-closed) free product with amalgamation of the associated free 
semigroupoid algebras. 

We begin the analysis of the invariant subspace structure in Sec- 
tion [7| We first prove £,g is reflexive by considering some obvious 
invariant subspaces associated with ^^g- Next the eigenvalues and 
eigenvectors for £^ are computed. In Section |H1 we prove an invari- 
ant subspace theorem of Beurling type [S], ^, 29, 30j. Every invariant 
subspace of £g is generated by a wandering subspace for the algebra, 
and is the orthogonal direct sum of cyclic subspaces which are mini- 
mal in the sense that the cyclic vector is supported by some projection 
Lx- Each of these minimal cyclic invariant subspaces is the range of a 
partial isometry in IHg, and the choice of partial isometry is unique up 
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to a scalar multiple. We then use the Beurling Theorem to derive an 
explicit characterization of partial isometrics in iic and this yields an 
inner- outer factorization \1'S\ IHl I16|, 131] for elements of Hq- 

We resolve the classification problem for these algebras in Section |H1 
by proving G to be a complete unitary invariant of £g. In fact, there are 
simple dimension formulae through which one can calculate the graph 
structure from the algebra and the ideal £q generated by the Lg. How- 
ever, this ideal is not necessarily preserved under unitary equivalence 
and to correct for this we analyze the unitarily implemented automor- 
phisms of 2g- In particular, we show that these automorphisms act 
transitively on sets of eigenvectors for 

In the final section we introduce the notion of a partly free WOT- 
closed operator algebra. Meaning that the algebra contains a copy 
of the free semigroup algebra £2- In spirit, this is a non-selfadjoint 
analogue of the requirement that a C*-algebra contains a copy of the 
Cuntz algebra In the finite vertex case we prove the algebras £,g 
are partly free precisely when G contains a double-cycle. We also con- 
sider the stronger notion of a unitally partly free woT-closed operator 
algebra. In this case there is a unital injection of £2 into the alge- 
bra, and so it contains a pair of isometrics with mutually orthogonal 
ranges. For the algebras £,g we prove this happens exactly when G 
satisfies a graph theoretic condition determined by its double-cycles. 
We conclude the paper by discussing hyper- reflexivity for £g- 

3. Free Semigroupoid Algebras 

Let G be a finite or countably infinite directed graph with edge set 
E{G) and vertex set V{G). Let ¥~^{G) be the free semigroupoid deter- 
mined by G. By this we mean that ¥\G) consists of the set of vertices 
x of G and the finite paths w of edges e in G, together with the natural 
operation of concatenation of allowable paths. (This is also called the 
path space of G.) We view each vertex as a degenerate path. Given a 
path w in F"^(G) we write w = ywx when the initial and final vertices 
of w are, respectively, x and y. We shall use the range and source maps 
r and s to indicate this, so that s{w) = x and r{w) = y. At times it 
will be convenient to use the transition matrix A = (ay^) associated 
with G, where Uyx is the number of directed edges in G from vertex x 
to vertex y. 

We note that the terminology 'free' is appropriate as all paths are ad- 
missable elements of ¥~^{G) and there are no relations amongst words, 
that is, there are no reducible products in ¥~^{G) other than trivial 
reductions involving units. Furthermore, there is clearly a natural 
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groupoid, an inverse semigroup in fact (which deserves to be called 
the free groupoid of G) which contains F+(G') as a semigroupoid, just 
as in the free group case. 

Let Tic = i'^{¥~^{G)) be the Hilbert space with orthonormal ba- 
sis {iiu : w G F+(G)} indexed by elements of W~^{G). For each edge 
e e E{G) and vertex x G V{G), we may define partial isometries and 
projections on He by: 

T c _ j Cew if r{w) = s(e) 
^e^w - I if r{w) ^ s{e) 

and 

r r _ j Cxw = Cw if r{w) = X 
~ \ if r{w) X 

We shall use the convention = if r{w) ^ s(e). The family {Lg, L^} 
also arises j28] through the left regular representation Ac : ^\G) 
B{Hg), with Xcie) = L^, and Ag(x) = L^. 

Remark 3.1. From the C*-algebra perspective, the partial isome- 
tries {Lg} are of Cuntz-Krieger-Toeplitz type in the sense that the 
C*-algebra generated by {Le}eeE{G) is generally the extension by the 
compact operators of a Cuntz-Krieger C*-algebra [3, 26, 27j. 

As we see in later examples, there is a useful interpretation of the 
actions of the operators Lg (and the companion operators Re) in terms 
of the natural tree graph whose nodes are labelled by the paths w. 
This tree is generated recursively from the 'tree top graph' consisting 
of the edges of G directed down from the vertices of G. The nodes 
w correspond to the basis vectors and the operators L^. and 
correspond to visualizable partial bijections of the tree structure. The 
tree perspective is also useful in the analysis of eigenvectors for £q in 
Section [7| 

Definition 3.2. The free semigroupoid algebra determined by G is the 
weak operator topology closed algebra generated by {Lg, L^}, 

£c = woT-A\g{L,,L,:eeE{G),xeV{G)} 

= WOT - A\g {Xg{w) : w e¥+{G)}. 

Finally we define up to unitary equivalence, in terms of gen- 
erators and relations together with a spatial condition. This leads 
naturally into the topic of representation theory of £,g which we will 
not pursue in this paper. Nevertheless, we introduce the basic idea of 
a free partial isometry representation vr of a directed graph G, which 
in turn gives rise to an operator algebra £^ which one might refer to 
as a free semigroupoid algebra. In the purely atomic case, which is 
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also characterized by a simple spatial condition, the algebras £^ are all 
naturally isomorphic to £g. 

Definition 3.3. Let G be a countable directed graph and let 7i be a 
separable Hilbert space. A free partial isometry representation tt of G 
is a pair of maps 

7r:V{G) — ^Proj(H), n:E{G) — ^ Pisom(7i), 

denoted x ^ Pj; and e ^ Se respectively, such that 

(i) given s(e) = x, the initial projection S*Se = Px ^ 0, 
{ii) the projections Px have pairwise orthogonal ranges and sum to 

the identity operator /, 
{Hi) the projections {S^Sl : e e E(G)} are pairwise orthogonal and 
for each x e V{G), 

Ex^Px- ^-^e > 0- 

r{e)=x 

Such a partial isometry representation of G is indeed free in the sense 
that for each word w in F+(G) the corresponding operator 7r{w) (defined 
as the natural product) is a non-zero partial isometry and so we obtain 
a faithful representation of F"'"(G). We write £^ for the weak operator 
topology closed algebra generated by {7r(e), 7r(a;) : e e E(G), x e 
V{G)}. Let us further define a purely atomic free partial isometry 
representation to be one for which each of the vacuum projections 
is non-zero, and the set of final projections n{w)Ex7r{w)*, for x in 
V{G) and w e F+(G), sum to the identity. Then we have the following 
proposition. 

Proposition 3.4. If n is a purely atomic free partial isometry repre- 
sentation of the directed graph G, then XItt is naturally isometrically 

isomorphic to £g by an isomorphism which is WOT — WOT continuous. 
If the vacuum projections Ex, x G V{G), are each of rank one, then £^ 
and £,o are unitarily equivalent. 

Proof. If the vacuum projections each have rank one, then it follows 
that for a choice of unit vacuum vectors r]x with Exr]x = fjx, the vectors 
Vw — '^i'w)r]x, for wx — w, make up an orthonormal basis. The cor- 
respondence rjw — > gives the desired unitary equivalence of XItt a-nd 
£g. If the vacuum projections are of infinite rank, then n is unitarily 
equivalent to the free partial isometry representation Ag°^. Thus we 
have the natural isomorphisms ~ £1°°-' ~ £^'' ~ £(?. ■ 
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4. COMMUTANT AND BASIC PROPERTIES 

Let G be a directed graph, perhaps with a countable number of 
edges or vertices. Given tt; = Cj^. ■ ■ • e^^ e ¥~^{G), let be the partial 
isometry = Lg.^ ■ ■ ■ L^^^ . We shall also use the notation = 
for vertex projections, or Pi = L^^ if V{G) = {xi, X2, ■ ■ ■} has been 
enumerated. Observe that Ly^ = Pr{w)LwPs(w)- Define another family 
{i?e, Rx\ of partial isometries and projections on I-Lq by the equations 
Reiw = Cwe and RxCw = Cwx- These operators also come from the right 
regular representation pc : F"'"(G) — > B(Hg), which yields partial 
isometries Pg{w) = Rw' for w e ¥\G) acting on Hq by the equations 
Rw'Cv = ^vw, where w' is the word w in reverse order. Observe that 
Rv'Lyj = L^Ry' for all v,w G W~^{G). In fact, in this section we show 
the algebra 

= WOT- A\g {Re, R^: ee E{G),x eV{G)} 
= WOT - Alg {pg{w) : w e F+(G')} 

coincides with the commutant £^ = D^g- We shall use notation = 
Rx for the vertex projections in D^^. Thus is the projection onto the 
subspace spanned by all with s{w) = x. Let denote the transpose 
graph of G. This is the directed graph obtained from G simply by 
reversing directions of all directed edges. If f = e^j ■ ■ ■ Cj^. is a product 
of edges in E{G), then we let be the product t>* = e*^ ■ ■ ■ e-^, where e* 
is the directed edge in G* which is Cj with direction reversed. Further 
define x^ = x for x e V{G) = V{G^). 

Lemma 4.1. The algebras S^g o,'>T'd IHg* o'^e unitarily equivalent via the 
map W : Tic* ^ T^G defined by W^yt = ^y. 

Proof. The map W is easily seen to be a unitary operator. Given 

V e F+(G) and e G E{G), 

{W*LeW)^yt = W*Le^y = W*U = RAv^. 

Hence W*LeW = R^t for e G E(G), and similarly W*LxW = R^t for 
x G V{G). Thus we have W*2gW = ^g^. ■ 

As in the free semigroup case we can consider the Cesaro oper- 
ators associated with the partition I = Eo + Ei + . . . where Ek is the 
projection onto span{(^^ : \w\ = k,w E F+(G)}, the subspace spanned 
by basis vectors from paths of length k. These operators are given by 

\j\<k 
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where the operators ^j{A) = J2k>ma.x{o -j} -^kAEk+j are the diagonals 
of A with respect to this block decomposition, and ^^(A) converges to 
A in the strong operator topology for all A G BiHa)- 

We mention that as a consequence of Lemma 14.11 one sees that the 
following result is a generalization of Proposition 5.4 from [29j where 
the commutant was shown to be determined by the algebra associated 
with the transpose graph. 

Theorem 4.2. The commutant of die coincides with Hg*. 

Proof. We have observed above that £g is contained in 9^^. To see 
the converse, fix A G 91^. We show that A^ = AP^ belongs to £g for 
all X G V{G). Let A^r, = QxA^^x = 'E,siw)=x"'^^^- Define operators in 
by 

|si)|<fc; s{w)=x 

We claim that A^ = SOT-limk^oo Pk{Ax) ■ This will be proved by show- 
ing that pk{Ax) = T,k{Ax). First observe that $^(^4^) G 91q for all j. 
Indeed, this operator commutes with the Re since Ax belongs to and 
-Efc+i-Re = ReEk for all k, while ^j{Ax) commutes with each Qy since 
QyEk = EkQy is the projection onto span{,^^ : \w\ = k, s{w) = y} for 
all k. It follows that Tik{Ax) belongs to ^K'q for k > 1. 

Now it is enough to show that J2k{Ax)^x = Pk{Ax)C,x- If this is the 
case, then for w = xw in ¥\G) 

^k{Ax)^w = Rw'^k{Ax)^x = RwPk{Ax)^x = Pk{Ax)^wy 

Whereas for w = yw with y ^ x we have 

^k{Ax)^w = ^k{Ax)PxPyCw = = Pk{Ax)Py^w = Pk{Ax)^wj 

since Px commutes with each Ei. However, observe that ^q{Ax)^x = 
Eo{Ax)Eo^x = ttxCx, and ^j{Ax)Cx = for j > 0. Further, for j < we 
have 

^j{Ax)^x = {E_jAx)^x = E_j ^ a^C^ = ^ a^^^. 

s{w)=x s{w)=x; \w\=—j 

Hence it follows that 

T.k{Ax)^x = ^ (^1 - ^-^^a^^w = Pk{Ax)^x- 

\w\<k; s{w)=x 

We have established that each Ax = APx belongs to £,g- This com- 
pletes the proof since A = ^x^y(^Q'j APx, the sum converging in the 
strong operator topology when V{G) is infinite. ■ 
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Remark 4.3. From the proof of this theorem elements of £g can be 
seen to have Fourier expansions. In particular, if A belongs to £g 
with A^^ = AP^^^ = QxiAP^)^^ = Y^s{w)=x^w^w ^ ^ y{G), then 
A^^ = RyA^^ = dw^wv for V = XV E ¥\G), and it follows that 

the Cesaro partial sums associated with the series A ~ J2we¥+(G) '^wLw 
converge in the strong operator topology to A. 

Corollary 4.4. The commutant of S^g coincides with $Hg- 

Proof. If W is the unitary from Lemma 14. ![ we have 

On the other hand, it also follows from the lemma and the definition 
of W that mo = WHg^W*. But the theorem tells us ^g* = ^'ct and 
hence 91g = W^i'^.W* = ■ 

The following are simple consequences of the previous two results. 

Corollary 4.5. Let G be a countable directed graph. 

(i) £g is its own second commutant, £g = ^g- 
{ii) £g is inverse closed. 

We can also describe the self-adjoint part of these algebras. 

Corollary 4.6. The set of normal elements in 2,g is precisely the span 
of {Px '■ X e V{G)}. Similarly, the normal elements in 9^g belong to 
the span of {Qx '■ x G V{G)}. 

Proof. The operators belonging to the span of the Px are normal 
elements since the Px are projections with pairwise orthogonal ranges. 
Let A be a normal element of £g and put ax = {A^x, C,x) for x G V{G). 
Clearly 1^3; is an eigenvector for £q, since it is an eigenvector for each 
of the generators, hence A*^x = C(x^x and by normality A^x = c^x^x- 
However, recall that Ran(Pa;) = span{^^ : r{w) = x} = span{i?^^a; : 
r{w) = x}. Thus, as A commutes with 9^g we have 

Mw = RwMx = otxiw for w = xw e ¥\G). 

In other words, APx = cxxPx and it follows that A = J2x&v{G) ^^Px- ' 

5. The Radical 

In this section we determine when £g is semisimple and in the case 
of finite graphs we show how to compute the Jacobson radical of £g 
strictly in terms of the graph structure. In particular, there is a block 
matrix decomposition of £g in which the radical is the off-diagonal 
part. 
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A directed graph G is transitive if there are paths in both directions 
between every pair of vertices in G. A (connected) component of G is 
given by a maximal collection of vertices and edges which are joined in 
the undirected graph determined by G. By a cycle, we mean a path in 
G with the same initial and final vertices. It is not hard to see that G 
is transitive in each component precisely when every directed edge in 
G lies on a cycle. Let B(G') C E{G) be the collection of edges e G E(G) 
which do not lie on a cycle. The set B(G) is empty precisely when G is 
transitive in each component. The Jacobson radical is determined by 
these edges. 

Theorem 5.1. £,g is semisimple if and only if G is transitive in each 
component. When G has finitely many vertices, \V{G)\ = M < oo, the 
radical is nilpotent of degree at most M and is equal to the WOT-closed 
two-sided ideal generated by {L^ : e G B(G')}. 

We begin by proving one of the implications in the theorem. 

Lemma 5.2. If G is transitive in each component, then £,g is semisim- 
ple. In particular, for every non-zero A in there is a path w G 
¥\G) such that L^A is not quasinilpotent. 

Proof. By Theorem 14. 21 the Fourier expansion of A G is determined 
by the vectors {A^^ : x G V{G)}. If A is non-zero, then some A^^ = 
J2s{w)=x ^w^w is non-zero and there is a path v of minimal length such 
that 7^ 0. As G is transitive in each component, there is a path 
u G F+(G') such that uv is a cycle. Hence the paths (mv)^ for A; > 1 are 
cycles in F+(G'). Thus for k > 1, the expansion for L^A gives us 

s{w)=x ■w=^{uv)'^ 

Thus for > 1 we have 

\\{LuAn'/' > |((L„A)^ex.,e(™)Or^' = > 0, 

so the operator L^A has positive spectral radius and is not quasinilpo- 
tent. But recall the radical rad £g is equal to the largest quasinilpotent 
ideal in £g. Thus radS^ = {0} when G is transitive in each compo- 
nent. ■ 

Towards the converse implication we obtain the following description 
of edges not lying on cycles. 

Lemma 5.3. The following assertions are equivalent for e G E(G). 

(i) Le G rad£G- 
{ii) e G B(G). 
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(m) {ALef = for all A e He- 
Proof. By considering Fourier expansions, the last two conditions are 
easily seen to be equivalent to the requirement = Lu;2 = whenever 
w e ¥~^{G) is a path which includes e as an edge. The characterization 
of rad^G used in the previous proof shows that {Hi) =^ (i). Finally, 
if {ii) fails, then there is a path u G F"'"(G) such that {ue)^ is a cycle 
for k > 1, and we may argue as in the previous proof to show that (z) 
fails. ■ 



Proof of Theorem \5 . 1\ The algebra £g is semisimple when G is transi- 
tive in each component by Lemma [5.21 On the other hand, if there is a 
component in G which is not transitive, then the set 6(6*) is nonempty 
and Lemma ESI gives an edge e G B(G) with Lg G radiic- Thus £g has 
non-zero radical in this case. It remains to show the radical is nilpo- 
tent of degree at most M and equal to the WOT-closed ideal generated 
by {Lg : e G B{G)} when the cardinality of the vertex set V{G) is 
M < oo. 

Let J be the woT-closed two-sided ideal in SLq generated by {Le : 
e G 3(6*)}. We first observe that the radical contains this ideal. For 
this we may use the following block matrix decomposition of £g. We 
say that a subset H of edges and vertices of G is maximally transitive 
if: there are directed paths in both directions between every pair of 
vertices in H; the initial and final vertices of every edge in H belong 
to i7; each edge between every pair of vertices in H also belongs to ff; 
and H is maximal with respect to these properties. Let {GjjjGX be the 
maximally transitive components of G, and let {S'jjjgi be the projec- 
tions Si = J2xGV(G.) P^- Then / = ( ^.^^ ®Si) © ( Ex^u,giy(G,) ®^^) 
and we may consider the block matrix form of with respect to this 
spatial decomposition. By considering Fourier expansions for elements 
of it is not hard to see that the ideal J is given by the off-diagonal 
entries of £g in this decomposition. It follows that J'^ = {0}, and for 
all X G and A E we have (XA)*^ = 0. Hence JT" is contained in 
radi^G and is nilpotent of degree at most M. 

For the converse inclusion, suppose A belongs to rad £g with expan- 
sion scalars {aw}we¥+{G)- We claim that a coefficient is non-zero only 
if the path w includes an edge e G B(G'). This will complete the proof, 
since the Cesaro sums for A would then belong to and they converge 
in the strong operator topology to A. Suppose by way of contradiction 
that there is a path v with Uy ^ which includes no edges from B(G), 
and assume w is a path of minimal length with this property. Since ev- 
ery path in G which includes no edge from B(G) must be part of some 
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cycle, we may choose a path u G F"''(G') such that uv = x{uv)x is a 
cycle in G. Hence [uv)'' belongs to F+(G') for k > 1. But it is clear that 
{uv)^^ is a path of minimal length amongst the paths in the expansion 
of {LuA)^ with non-zero coefficients. Further, the coefficient of L(„^)m 
in this expansion is (a^,)^. Thus we have ||(L„y4)^'^||"'^/'^ > \av\^ > 
for k > 1. Hence (L^A)*^ = {{LuA)^~^Lu)A has positive spectral ra- 
dius and is not quasinilpotent. This is a contradiction since A belongs 
to radiic, and the result follows. ■ 

Remark 5.4. From the block matrix decomposition of S^g used in the 
proof of Theorem 15. II for the finite vertex case, we see the ideal rad£G 
is given by the woT-closed ideal determined by the off-diagonal entries 
in this decomposition, which in turn is the woT-closed two-sided ideal 
generated by {L^ : e G B(G)}. This point is discussed further in the 
next section. We also mention that the general ideal structure of £g 
has been characterized in jl9| . 

6. Examples and Amalgamated Free Products 

We now examine several simple examples of graphs G and their oper- 
ator algebras £,g- Some of these algebras admit natural representations 
as algebras of matrices or as subalgebras of (possibly infinite) matrix 
algebras over H°°. In this case some of their algebraic features such as 
the Jacobson radical and the structure of ideals become more apparent. 
The examples will also be used to illustrate the discussion at the end of 
this section where we consider the structure of £g as an amalgamated 
free product. 

Example 6.1. We first consider the single vertex cases. The algebra 
generated by the graph with a single vertex x and single loop edge 
e = xex is unitarily equivalent to the classical analytic Toeplitz algebra 
H°° [13, 16j. Indeed, Tic in this case may be naturally identified with 
the Hardy space H^, and under this identification Lg is easily seen to 
be unitarily equivalent to the unilateral shift f/+. 

The noncommutative analytic Toeplitz algebras £r,. n > 2 m I5 | 
ini I10|. I25|, I30|, 131] . the fundamental free semigroup algebras, arise 
from the graphs with a single vertex and n distinct loop edges. For 
instance, in the case n = 2 with loop edges e = xex 7^ / = xfx, 
the space Tic is identified with unrestricted 2- variable Fock space 7^2- 
Under this identification, the operators L^, Lf are unitarily equivalent 
to the natural creation operators on which are the canonical Cuntz- 
Toeplitz isometrics. Further, P^- = J, and thus £g — ^2- 
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Example 6.2. If G is a finite directed graph witli no directed cycles, 
then the Fock space Tic is finite dimensional and so too is 2jg- For 
example, consider the graph with three vertices and two edges, labelled 
Xi, X3, e, / where e = X2exi, f = x^fxi. Then the Fock space is 
spanned by the vectors {Cxi,Cx2:Cx3, ^e, Cf} and a little reflection reveals 
that with this basis the general operator aL^j^+Z^L^jj +7X^,3 + ALe+;uL/ 
in 2g is represented by the matrix 

a 

P 

7 

A 13 

7_ 

(unmarked entries are zero). Alternatively one can reorder the basis to 
view SLg as a subalgebra of M-^iC) consisting of matrices of the form 



a 


0" 




'a 0" 


A 




© 


ji 7 



© © [7] • 



Algebraically, is isometrically isomorphic to the so-called digraph 
algebra in M.^{'C) consisting of the matrices 

'a 0" 
A . 
7_ 

Recall that a digraph algebra A{H) is a unital subalgebra of A^„(C) 
which is spanned by some of the standard matrix units of A^„(C). The 
graph H is transitive and reflexive and is such that the edges of H 
naturally label the relevant matrix units. If we take H to be the aug- 
mentation of our graph G by loops at the vertices, then we can view 
SjG as a faithful representation of A{H). Notably this representation 
is not a star extendible isomorphism since A{H) and £g generate dif- 
ferent C*-algebras. In general, for a finite cycle-less graph G, 2^g is 
isometrically isomorphic to A{G) where G is the transitive completion 
of G with vertex loops added. 

The commutant of £g is best understood through Theorem 14.21 
However, one can confirm directly that the commutant of £g for this 
example consists of the matrices 

a 

b 

c 

A a 
fj, a 
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with a, b, c, A, fj, in C. These matrices in fact correspond to the operators 
aRx^ + hRx^ + cRxo, + Ai?e + IJ-Rf which are the typical elements of D^q. 

In the terminology of the second author j32] the operator algebras 
2jg are finitely acting, since they act on finite dimensional Hilbert 
spaces. (This is a stronger notion than finite dimensionality for an 
operator algebra.) Also the discussion above shows that the opera- 
tor algebras £g are the so-called inflation algebras of digraph algebras 
given in j32] . 

Example 6.3. For a simple matrix function algebra, we may consider 
the graph G with vertices x, y and edges e = xex, f = yex. Then 
is generated hj {L^, L f , P^, Py} ■ If we make the natural identifications 
Hg = PxT-Cg © PyTi-G ^ H^® (respecting word length), then 



L ~ 





0" 




' 


0" 


p ~ 


7 


0" 


P 

ry — 


'0 


0" 






















/ 



Thus, £g is unitarily equivalent to 

" 

^ ~ [H^ CI 

where is the subalgebra of H°° functions h with h{0) = 0. With 
this representation of it is clear that rad^G is nilpotent of degree 2 
and is given by the WOT-closed ideal generated hj Lf. The commutant 
structure is less evident in this representation, nonetheless, we know 
it is generated by {Re, Rf, Qx, Qy} where Qy = iy® Qx = I - Qy, 

Rf = ^f® Cy and Re = RePx = PxRe- 

By simply adding a directed edge g = xgy to the previous graph we 
obtain a very different algebra £,g'- Indeed, £,g' is unitarily equivalent 
to its commutant £q/ = IHg' — ^{cy since (G")* — Furthermore, 
£g" is unitally partly free in the sense of Section HU] because it contains 
isometries with mutually orthogonal ranges, for instance, U = + 
LfLg and V = LeLg + LgLe are isometries which satisfy U*V = 0. The 
algebra £g' will be discussed further in the context of amalgamated 
free products below. 

Example 6.4. For an example of an infinite matrix function algebra, 
let G be the directed graph with transition matrix A = and let 

e = xex, f = yfx and g = ygy be the directed edges of G. Notice that 
this graph is obtained from the graph G of the previous example by 
adding the edge g. Then SIg is generated by three partial isometries Lg, 
Lf, Lg and their initial projections Pi = L*^Le = L*jLf and P2 = L*gLg. 
These operators act on the Fock space TIg with basis indexed by the 



FREE SEMIGROUPOID ALGEBRAS 



15 



following tree: 



X 




9 



9' 



9-' 



Identify the Hardy space of the unit disc with each of the follow- 
ing 'diagonal spaces'; Hi = He = span ^e'^ , ■ ■ ■ } , 



H2 — LfHe, H3 — LgLfHe, ■ ■ ■ , Hn — ^LfHe, ■ ■ ■ 

r2 



Also identify the space Hg, similarly defined, with H^. With respect to 
the decomposition H — ^®n>i'^n^ ®Hg, the operator XLe + f^Lf + uLg 



has block matrix form 

"AT. 



/i/ 

ul 



while aL^Le + (^L*Lg = aP^ + l3Py has the form 



'al 



(31 



(31 



It follows readily that is naturally unitarily equivalent to the oper- 
ator algebra of matrix functions 

'hiiz) 



h2{z) h{0) 
hsiz) h(l) h{0) 
h^z) h{2) h{l) h{0) 



© [hiz)] 
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where hk G H"^ with X]a:>i I l^^l P finite, and where h e H°° with 

Fourier coefficients h{k). 

With such an exphcit matrix representation, one can examine the 
ideal structure and other algebraic aspects in a direct manner. It is 
clear, for example, that the Jacobson radical of iic is given by the 
subspace for which hi = h = 0, and that the quotient by the radical 
is isomorphic to H°° © H°°. Less evident is the structure of invariant 
subspaces for 2g which, we shall see, are generated by partial isometrics 
in the commutant of £g- 

Example 6.5. The following algebras play a role in the analysis of Sec- 
tional Consider the cycle graph Cn which has n vertices {xi, . . . , x„} 
and n edges {ei = X2eiXi, e„_i = x„e„_ix„_i, e„ = Xie„x„}. Let 
H = Hc„ = Til © ... © 'hCn be the decomposition of Fock space cor- 
responding to the tree components (n infinite stalks in this case), so 
that Hi = QiH = QxiH for each and let ?ij ^ = L*^^Lf,JH.i = PkQiTi., 
for 1 < i,k < n. Thus each subspace Tii breaks up into the direct sum 
of n subspaces {Hi ^ : 1 < k < n}. With the natural (top down) basis 
ordering we have the identification of each space Tii^k with H^. With 
this identification note that the operator 



Lei • "^i.fc Hi^k+l 

(with Hi^n+i = Hi^i) is the identity operator from H'^ to H"^ unless 
k = i + 1 (modn) in which case the operator is the unilateral shift Tj. 
It follows that 2c„ is realized as a subalgebra of the n-fold direct sum 
of matrix algebras A^„(iJ°°) © ... © Mn{H'^). 

For example, when n = 3, with respect to the spatial decomposition 



i=l 



,k=l 



the operator ALg^ + fiLf,^ + i^Lf,,^ has operator matrix of the form 



uT, 
A/ 
0^/0 





AT, 



ul 

/iJ 




XI 

fiT, 



vl 





while aLl^Le^ + PL^^Lg^ + jLl^L^^ = aPi + PP2 + 7P3 has the form 



al 





0" 




al 





0" 




al 





0" 










© 





(31 





© 





(31 











7J 










7/ 










7/ 
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It follows that S^c^ can be identified with the matrix function algebra 



hn 


Zhi2 


zhis 




hn 


hi2 


hn 




hn 


Zhi2 


hi3 


h2i 


h22 


Zh23 




zh2i 


h22 


Zh23 


© 


h2i 


h22 


h23 




h2 


^33 






hz2 






zh^ii 


zh-i2 


h3 



where hi^ G H°° for 1 < i, j < 3. 

Once again, one can consider this explicit matrix function alge- 
bra representation in the analysis of the ideals of iicn- For example 
there is a unique maximal ideal, whose intersection with the centre of 
2c„ identifies with zH"^, such that the quotient is not isomorphic to 
Ad^lC). This exceptional quotient is isomorphic to the matrix algebra 
in A^3(C) © M.3{C) © M-si^C) consisting of the scalar matrices 



a 





o" 




a 


h 


i 




a 





i 


d 


h 





© 





b 





© 


d 


b 


j 


J 


e 


c 







e 


c 










c 



Also one can verify readily that £g is semisimple. 

There is an alternative more succinct identification of the cycle alge- 
bras S^Cn which makes a connection with semicrossed product algebras. 
To see this identify L^^Ti. with for each i in the natural way (re- 
specting word length). Then H = L^Ji ® . . . ® L^^U ® H'^ and 
the operator aiL^.^ + . . . + a„Le„ is identified with the operator matrix 

a„T/ 
aiT^ 

a2Tz 

On-lTj _ 

Writing H°°{z"') for the subalgebra of H°° arising from functions of 
the form h{z"') with h in H°°, the algebra £,c„ is readily identified with 
the matrix function algebra 

zH^^z"") H^i^z"^) \ 

... H°°{z'')_ 

If H°° is replaced with the disc algebra, this algebra becomes the 
matrix function realization of the semicrossed product Z+ for 

the cyclic shift automorphism of C". See De Alba and Peters |12.j 
for details. It follows that £,c„ is identifiable with the WOT-closed 
semicrossed product algebra C" Z+. 
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Example 6.6. Let Coo be the infinite directed graph Coo = E) 
where the edge set E = {{n,n + 1) : n G Z}, and hence the tree 
components for Cqo give the two-way infinite graph generahzation of the 
previous example. We have the decomposition of Fock space H = TLc^ 
into a direct sum of spaces Ti^, k E Z, where Hk = Ll^L^^H = P^H is 
naturally identified with H^. Pictorially, the basis elements of Tik are 
diagonally distributed to the south east of vertex Xk- With respect to 
the decomposition H = J2k& ®'^k = ^^(Z) ® H^, the partial isometry 
Lej. has the representation ek+i,k ® T^, where {cjj : i,j G Z} is the 
standard matrix unit system for the standard basis of £^(Z). Since 
L*^^Le^ has the form e^^k ® / it follows that £coo is unitarily equivalent 
to the operator algebra of matrices 

\ '-J z /lj=— oo 

where (ttij) is the standard matrix of an operator in 7^, the nest algebra 
on for the nest subspaces spanjcj : j < k}, k E Z. Once again 

the algebraic structure of 2cao becomes clear in this representation 
since 2cac is isomorphic to 7^ by a WOT-WOT-Continuous isometric 
isomorphism. In particular, the Jacobson radical of Slcao is determined 
by Ringrose's criterion [IIJ and the radical is not closed in the weak 
operator topology. 

On the other hand, as before, it is less clear in this representation how 
to describe the commutant of Sl,Coo other spatial structure of the 
algebra. Our earlier Fock space arguments show that the commutant 
is unitarily equivalent to £g where G is the transpose of Coo, and so, 
as with the cycle algebras 2c„, the algebra £,c^ is isomorphic to its 
commutant. 

6.1. Amalgamated Free Products. We now describe how free semi- 
groupoid algebras may be presented and decomposed in terms of free 
products and amalgamated free products. The discussion here is inde- 
pendent of the rest of the paper. However, the gauge automorphisms 
of £g are of interest in their own right and in the case of we use 
the gauge automorphisms in the proof of Theorem 17.11 

Let G be a countable directed graph. It is convenient now to identify 
the Fock space elements Csi^-ei with tensor products rie-_^ (S> . . . (S> ?7ei , 
where {?7ei^ , ■ ■ ■ , Vei„ } is a fixed orthonormal basis for C". This allows 
us to define certain automorphisms of £g in a succinct manner in terms 
of their action on these admissable tensors. Thus, suppose that for each 
vertex pair Xi, xj we have a complex unitary matrix Uij of size aij x aij 
where, as before, a^j is the number of edges in G from Xj to Xj. We 
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view Uij as a unitary on 

C"'^' = spanjr^e : e = XiCXj}. 

Now we may define a unitary U = ©t/ij on C" where Urje = Uijije 
He — XiCXj. For convenience write Ug for Uij for any edge (there may 
be several) with e By hnear extension there is an associated 

operator U on the Fock space I-Lq for G which fixes vacuum vectors 
such that _ 

Uri= (Ue.Vei) ® {Ue.Ve^) 

for all admissable tensors rj^^ ® . . . ® r]e^. Note, of course, that in 
the expansion of the tensor Urj one obtains a linear combination of 
admissable tensors and hence U is well defined as a unitary on Hq- 

In the free semigroup case the unitaries U correspond to the so-called 
gauge unitaries in the formulation of quantum mechanics. The new 
aspect here is that gauge unitaries are also available for non-loop edges. 
Plainly the gauge unitaries U respect the natural grading of Fock space. 
Moreover, one can verify, by considering actions on the generators Lg, 
that the map ©[/ on Sjq defined by Qui.^) = U*AU yields an injective 
endomorphism of 2g- Since U is unitary this endomorphism is in fact 
an automorphism which we refer to as a gauge automorphism of £,g- 

The tensor presentation of Fock space above is a simple variation 
of the well known presentation of Fock space for the free semigroup 
algebra £„ in the form = © ( 0^^^^ /C®^) . where /C is a Hilbert 
space with basis {1]^^ , ■ ■ ■ , Vei„ } indexed by the loop edges for the single 
vertex graph for £„. In general we can write the Fock space for G as 

xeV{G) \n>i J 

where IC^^^ is spanned by the admissable tensors of length A^. 

On the other hand, 7i„ can also be viewed as an n-fold free prod- 
uct of the Hilbert space of functions H"^, with distinguished vector 1. 
In fact, in general, if [Hij^i) is a family of Hilbert spaces with dis- 
tinguished unit vectors, then their Hilbert space free product (H,^), 
denoted *iej{'Hi,^i), has the form 

^ = Ce©0( Hi,(^...(^HiA 

N>1 \ii^i2yt...ytilf J 

O 

where 7ii= Tt (B C^j. Such a free product Hilbert space allows for 

the construction of a faithful representation tt = *i^xT^i '■ 

B{H) of an (algebraic) free product of unital operator algebras Ai, 
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each represented on a Hilbert space Tii by a faithful representation vTj. 
Viewing the operator algebras Ai as represented on Hi we suppress the 
notation tTj and define in the category of WOT-closed operator 

algebras to be the woT-closure of the algebraic free product in the 
representation vr. For more details see ||15jj. In this way we can define 
the WOT-closed algebra where H°° is represented on 

with distinguished vector 1, and this can be shown to coincide with 2n- 
However, in the special case of free products of the operator algebras 
one may take a slightly more explicit approach: Let /C = /Ci © 
K.2 = © C^^ be a decomposition associated with a partition of 
the basis {r]ei_^, ■ ■ ■ ,Vei„}, where n = rii + 77-2. Then acts on the 
unrestricted Fock space 7i„, which can be recognized as the free product 
(T^niiC) * {'Hn2,C) defined above. (This is a special case of ((T)) below.) 
Plainly and are naturally represented on this space by viewing 
each Le as an appropriate creation operator. One can check that this 
representation agrees with our general free product representation vr, 
and it follows that £^1 * is unitarily equivalent to £„. 

Suppose now that Gi and G2 are finite directed graphs with a single 
identified vertex x say, and let G = GiU^G2 be the amalgamated graph. 
We want to identify £,g with a WOT-closed amalgamated free product 
£gi *CPa: ^G2y where CP^ is the common subalgebra. Rather than 
placing this construction in a general context, let us take advantage of 
the explicit nature of the algebras £g, as defined by creation operators, 
to give a direct definition of £gi *cP:, £g2- This definition, as before, 
relies on specifying an appropriate Hilbert space on which to represent 
£gi and £g2- The construction is similar to the free semigroup case 
except that only admissable tensors corresponding to finite paths are 
considered. Thus we have 

Kg, = span{e., } © /cS"^^ and Hg^ = spanj^,^, } © /cf ^ . 

Af>l Af>l 

With xi = yi = X understood we write }C[^^ ®x k!'^''^ to denote the 
Hilbert space spanned by basis elements 

where Cj^^ = Cij^x and fj^ = xfj^. Now we may define 
(1) n = Hgi*.^G2 =span{e.„4j©0 

Af>l 
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There are natural representations tTj : which agree on the 

common projection and we define *cp^ to be the generated 
woT-closed operator algebra. By simple manipulations as in the free 
semigroup case, we can identify this operator algebra with Hg*. Thus 
we have the following. 

Theorem 6.7. Let Gi and G2 be finite directed graphs with a single 
identified vertex x and let G = Gi G2 be the amalgamated graph. 
Then £g is naturally unitarily equivalent to the amalgamated free prod- 
uct algebra 2gi *cP:c ■ 

One can also view *cPx^G2 arising from the amalgamation over 
X of the left regular representations Ad , of the free semigroupoids 
F"'"(Gi), ¥~^{G2). That is, from Xgi*x^G2^ appropriately defined, where 
X is an identified unit of Gi and G2. As in the group case (see [T5]) 
Agi *x identifies naturally with Agiu^G2 = ^g- We can now revisit 
the £g' of Example 16 . 31 and see that it is unitarily equivalent to if°°*cp^ 
2c2- More generally, if G is the graph formed by joining C„ and Cm at 
a single vertex x then 

(C"x^Z+) *cp, (C'"x^Z+). 

7. Reflexivity and Eigenvectors 

We first give an elementary proof that the algebras £g are refiexive. 
Recall that given an operator algebra 21 and a collection of subspaces 
C, the subspace lattice Lat 21 consists of those subspaces left invariant 
by every member of 21, and the algebra Alg C consists of all operators 
which leave every subspace of C invariant. Every algebra satisfies 21 C 
Alg Lat 21 and an algebra is reflexive if 21 = Alg Lat 21. 

Theorem 7.1. £,g is reflexive. 

Proof. Let A e AlgLat(£G)- Then A{RH^) C WL^ for all 
since £g = ^g- Suppose that A = AP^ for some x G V{G). For 
u = yu E F+(G'), the subspace Ru'Hg is the set of vectors in Tic 
of the form Yl,s(w)=y P^^^^- Hence A^u = ARu^y = ARuPx^y = 
when X y, and otherwise A^u has expansion ^s(^„)=a, c^l^Cuju when 
r{u) = X. We claim that the scalars are independent of u; that is, 
if r{u) = X = r(t>), then = for all w = wx. 

Assume the claim holds for the moment. Then there are scalars 
{an,}we¥+iG), where = for s{w) ^ x, with A^u = J2s{w)=x(^w^wu 
for all u = xu E ¥~^{G) and A^u = otherwise. For such an operator, it 
is easy to check that A belongs to D^g = ^g- In the general case, given 
A G AlgLat(£G) we may write A = ^2.gy(G) AP^, the sum converging 
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in the strong operator topology for the infinite vertex case. Then the 
above argument can be applied to show each AP^ belongs to ^Rq — Zq, 
and hence A is in as required. Thus, we will prove the theorem by 
verifying the claim. 

There are two cases to consider. For the first case let us suppose 
that there is an edge v with v = xvy and y ^ x. Then the range of 
Rx + Ry is spanned by the set of vectors {^^ix + Cwv '■ s{w) = x} and 
the vectors in this set are pairwise orthogonal. Since M. G Latiic it 
follows that 



for some choice of scalars /i^. But A^^ and A^y are given in terms of the 
coefficients a^, a^^ respectively and we conclude that — = 
for all w. 

For the remaining case we have u = xu only if u = xux and we 
sec that the compression algebra Px^gIpxHg unitarily equivalent to 
2h where is a single vertex subgraph of G. Thus £h is unitarily 
equivalent to for some n > 1 or 2h is unitarily equivalent to C, and 
these algebras are known to be reflexive. We may assume then that 
H ^ G and also that = for all words v, w with r{v) = x = r{w). 
Suppose that w' = yw'x with y ^ x. It remains to show that a^, = a^,. 

Suppose first that w' is not of the form wih where /i is a path in 
H with \h\ > 1. Consider the restriction operator Ayji — 
We show that A^,' is in £,h- To this end, let M. G La,t£,H and define 
M^\J .^.^KM in Lat£G- Then 



In view of our assumption on w' we have that L^iL^j is non-zero only 
if to = w'h with h a path in H. Thus 



We have shown that A^i e Alg Lat S^h and so A^ji e Zh- Hence there 
are scalars ah such that 



s{w)=x 



Ay,,M = LI, AM C Ll,M. 



w=xwx 




h=xhx 
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for all paths v in H. Thus we have 

h 

w 

h 

This shows that a^,^ = ah for all h = xhx. In particular, we obtain 
= for all words w with w = ywx, y ^ desired. ■ 

We next compute the eigenvalues for £,q, by which we mean, with 
modest abuse of terminology, the values A = (Ae)eeE(G) in C", where n 
is the cardinality of E{G), for which there is a unit vector ^ in 7i such 
that L*^ = Xf.^ for all e G E(G). Since the Lg are partial isometries 
with pairwise orthogonal final projections, we have 

egE(G) eeE(G) 

In the free semigroup case, the open unit ?7,-ball 

IBn = |A = (Ae)e6E(G) '■ ^ l^eP < l| 

eeE(G) 

forms the set of eigenvalues for pflin] • In general the eigenvalues for 
£q form a proper subset of the unit n-ball, with structure determined 
by lower dimensional unit balls. 

The set of eigenvalues for £^ will be described explicitly in terms 
of G. We begin by pointing out a special case which is quite different 
from the semigroup case. 

Proposition 7.2. If G has no loop edges, a^x = for all x in V{G), 
then A = G C" the only eigenvalue for 2,*q. 

Proof. In this case = L^a = for all e G E(G), as no words of the 
form e^zf belong to F+(G'). As every eigenvalue A = (Ae)eeE(G) ^ 
for £,Q is determined by equations L*^ = Ae^, it follows that A = 0. ■ 

We require some extra notation to state the following theorem. We 
shall say the 'tree top graph' associated with a directed graph G (the 
top two levels of the tree components for Tic) has a standard ordering if 
the saturation G^ (the set of all paths which start at x) at every vertex 
X in V{G) has all its edges which finish at x lying to the left of all other 
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edges in Gx- Also, we shall use the notation 0^ = e C*^. Further, 
we will assume the vertices of G are given by Xi, . . . , xm- Recall that 

A = (ax^xj) = {c-ij) is the transition matrix associated with G, where 
aij is the number of directed edges from vertex Xj to vertex Xi. Finally, 
write Wi for the set of all words in edges which are loops at vertex Xj, 
and put Pi = Px,, Qi = Qx,- 

Theorem 7.3. Let G be a countable directed graph with tree top graph 
having a standard edge ordering. Let A = (ajj) be the transition matrix 
for the graph, and let ki — X^^i /'^'^ 1 < ^ < M. Then 

(i) Every eigenvector for £q belongs to PiHg for some 1 <i < M. 
(ii) The unit eigenvectors supported on PiHg are scalar multiples 
of the vectors 

^A,i = (l-||A||^)^/^ 5] ^A)e. 

where X = (Ae)eeE(G) £ C". belongs to the set 

where = (B„,,, Ofe,_„,J e C*=\ Also, 

(Hi) The eigenvectors z/A,i are supported on QiPiHa o-nd are QiHa- 
cyclic for £g. They satisfy 

and ifLc is the n-tuple Lq = (Le)egE(G); then {p{LG)y\,h T^\,i) = 
p{X) for every polynomial p = awW in the semigroupoid al- 
gebra CF+(G). This extends to the map (px^i{A) = {Aux^ijUx^i), 
which is a WOT -continuous multiplicative linear functional on 

Proof. Let v be an eigenvector for SJq. Then v is an eigenvector for 
the projections Pi, . . . ,Pm-, but the only eigenvalues for a projection 
are or 1. Thus, as the Pi have pairwise orthogonal ranges summing 
to the identity, there is a unique i with u = PiU E PiHc- 

There are scalars Ag such that L^v — XgU for all e. If u — ^yjO^^w, 
then 

KO"w^w = AgJ^ — L*^v = tteviv 
w w=ev 

and so Ap and thus = w{X). However, there will typically 

be Ag equal to zero. If e is an edge with distinct initial and final 
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vertices, then = because there are no words in F+(G') of the form 
e^w. Hence for such edges we have Ae = 0. Further, let e be an edge in 
G with initial vertex distinct from xf, that is, e = exj for j ^ i. Then 
Le = Lf.Pj, and 

PiiKv) = Alz/ = L> = P^iy = PjiXiy), 

which can only happen if Ag = 0. Therefore we have shown that the 
eigenvalues corresponding to eigenvectors supported on PiHc must be- 
long to the set Be- (As u has finite norm, it follows that ||A|| < 1), and 
the vectors are supported on span{^^ : w G Wi}. 
Now given A = (Ae)egE(G) in Bg,, we have 

II E ^^^if = II E l^el'LlL^W < $^|AeP = ||A|P < 1, 

SO that / — J2e ^eLe is invertible, and its inverse is given by the power 
series 

e / k>0 \ e / r(w)=Xi 

Thus the second identity for follows, and from this it is clear that 
vx,i is QiHc-cydic for £g- 

The vectors /iA,i = (1 — I |A| P)^"'^/^^'A,i satisfy 

r{w)=Xi r{w)=Xi 

and we also have {L^i^x^iji^x^i) = tL'(A)||z/A,i|P = which easily 

extends to polynomials by linearity. It is clear that ipx^i is multiplicative 
and woT-continuous. ■ 

Remark 7.4. There is an analogous version of this result for the eigen- 
vectors of yi^, with the operators {-Re, Qx} in place of {Lg, Px}- This 
fact is used in the proof of Theorem 19.41 Observe that the form of 
non- vacuum eigenvectors h'x,x = PxQx^x,x for ^^^o determined 

by the axx loop edges over vertex x. 

8. Beurling Theorem and Partial Isometries 

In this section we establish a Beurling-type invariant subspace theo- 
rem for £g- As a consequence we obtain a structure theorem for partial 
isometries in and an inner-outer factorization for elements of £g- 

We will say that a non-zero subspace W of is wandering for £g 
if the subspaces L^W are pairwise orthogonal for distinct w in F"'"(G). 
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Observe that the partial isometries with w G ¥~^{G) include the 
vertex projections — L^. Further, since the are partial isometries 
we cannot 'peel off' Lg's when comparing the subspaces L^W, as is 
done in the case of isometries with orthogonal ranges. Nonetheless, 
equations such as L*^Lyj = Ps{w) give us a computational device for 
this comparison process. 

Every wandering subspace W generates an £G;-invariant subspace 

wew+{G) 

Every £G'-'wandering vector C generates the cyclic invariant subspace 
'2g[C]- We will say HgK] is a minimal cyclic subspace if P^-C = C for 
some X G V"(G). It is easy to see that given a wandering vector each 
vector Pj-C which is non-zero is wandering as well. 

Theorem 8.1. Every invariant subspace of £g is generated by a wan- 
dering subspace, and is the direct sum of minimal cyclic subspaces gen- 
erated by wandering vectors. Every minimal cyclic invariant subspace 

generated by a wandering vector is the range of a partial isometry in 
yich (i'>^d the choice of partial isometry is unique up to a scalar multiple. 

Proof. Let be a non-zero invariant subspace for SIq and form the 
subspace 

\eeE(G) 

First note that W is a wandering subspace for £,g- To sec this, let ^ 
and rj be vectors in W and let v, w belong to F"'"(G). Consider the 
inner product (L^^, L^ry). This is clearly zero if v and w are distinct 
units in V{G). If w = a; is a unit and \v\ > 1, then {PxC, Lyvj) = if 
r{v) 7^ X, and otherwise L^rj) = by the definition of W. If v and 
w are non-units with differing left most letters, then {L^^, Lyi]) = 0. 
Otherwise we would have w = ewi and v = evi so that (P^^, P^ry) = 
{{L*^Le)Lw^^, L^^rf) . Since P*Pe = Px for some x, we may repeat this 
argument to show this inner product is always zero. 

We claim that M. = £G[yV]. Let A/" be the orthogonal complement of 
£g[>V] inside M. Let r] e M and let { = Ly,(^w, with each G W, 
belong to £g[W]. Then for all e = ex in E{G) we have 

w ue¥+{G) 

from the definition of J\f. Further, {PxTj,^) = {r], Px^) = since PxC G 
-CcfW]- Thus it follows that is invariant for £,g- Now let rj belong 
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to the orthogonal complement of J2e ©-^eA/" inside J\f. As r/ belongs 
to M, we know that (77, Le^) = for all ^ e £g[W] ^ A4. It follows 
that 1] belongs to W. Indeed, let ( E M. and put C = Ci + C2 with 
Ci G A/" and C2 e 2g[W]. Then L,Xi G A/" and LeC2 e £g[>V] so that 
(?7, LeC) = (?7, -^eCi) + (^) -^eC2) = 0. Thus we have established that rj is 
a vector in J\f which is also in W C (A/")"*", whence 77 = 0. In particular, 
we have Af = Q)LeM. Finally, assume that ^ {0} and let A;o be 
minimal with E^^M ^ {0}. Then 

e e 

This contradiction yields A/" = {0}, and hence Ai = £g[W] as claimed. 

Next we observe that M. is the direct sum of cyclic subspaces. First 
note that P^W C W for all x e V{G) as noted in the discussion 
preceding the theorem. For each x, let {CxkA be an orthonormal basis 
for P.W C W = E.6y(G) ®P-^- Then 

The right-hand side of this identity is contained in = -CcfW] by 
£G-iiivariance. On the other hand, note that for distinct wandering 
vectors (x,kx Cy,iy (with x and y not necessarily distinct), the 

cyclic subspaces 2>G[Cx,kx] ^-^d £'G[Cy,iy] are perpendicular. Lastly, it is 
clear that vectors in £g[W] belong to the sum on the right side. 

The subspace Ai is minimal cyclic if and only if W is one-dimensional 
and there is an x with PxY^ = W and PyW = ioi y ^ x. Consider 
M. = ^g[C], where PxC = ( is a unit £g- wandering vector. Define a lin- 
ear transformation i?^ on He by the rule Rt^^w = L^C for w e F+(G). 
Then for w v in W+{G) we have (i?^^^, R^^^) = (L^C, L^C) = 
because ( is wandering. Further, when L*^Lw ^ a. similar compu- 
tation shows that = 0. Moreover, if L^^L^ = P^ we see that 
II-^C^wjIP = ||-Pa;C|P = 1- Thus it foUows that the operator i?^ is a par- 
tial isometry with range equal to A4 by design. Finally, observe that 
for each edge e and w in F+(G') 

Similarly, Rc^Py^w — Lyy,C, — PyR(^^w and we have i?^ e Z'q — 9^g ^ 
required. 

To verify the uniqueness assertion, suppose P^C, = C is a unit £g- 
wandering vector and M. = £g[C] = Rc^G = R'Hg is the range of 
another partial isometry R in £Hg- We claim that R = Ai?^ for some 
|A| = 1. First observe that the vectors R^^ — LwR^x, where s{w) — x, 
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form an orthonormal basis for Ai = RHg- This follows from Corol- 
lary IHiHl since the initial projection R*R = Q^- (Note that Corollary 18. 61 
relies on Theorem 18.51 which in turn uses part of the proof of this the- 
orem, but that there is no circular logic. The proof of Theorem 18.51 
does not use the uniqueness from this theorem.) In particular, clearly 
R^x belongs to the wandering subspace W = P^^VV = span{^}, and 
hence R^x = AC = \R(^^x for some |A| = 1. Thus for w = wx we have 
R^w = L^R^x = ^Rc^w, and it follows that R = RQx = ^Rc^Qx = Ai?^. 

■ 

Remark 8.2. There is obviously an analogue of this result for the 
invariant subspaces of where the notion of wandering is determined 
by the Re and Qx- This is used in Theorem 19.41 and Section 10. We 
also note that Theorem 18.11 parallels the Beurling Theorem from j29| . 
and gives a slight improvement for these algebras. Indeed, we have 
identified the minimal cyclic subspaces as ranges of partial isometrics in 
the commutant algebra IHg, and shown that the decomposition in terms 
of minimal invariant subspaces is unique. Further, in Theorem 18.51 we 
prove that all such operators have a standard form. 

The range of every partial isometry R in is cyclic since RTic = 
R^Gi<i> = ^cR^h where = J2xk&v{G) l^^k- However, we observe 
through the next example that these subspaces are not necessarily min- 
imal cyclic. This is different from the free semigroup case [HI I31| , where 
ranges of isometrics are minimal cyclic subspaces. The basic difference 
here is that partial isometrics in the commutant can 'cross-over' be- 
tween distinct tree components. 

Example 8.3. Let G be the directed graph with transition matrix 
A = [iq]. Let V{G) = {xi,X2} and let ei = xiCiXi, 62 = X2e2Xi and 
63 = xi 630:2. Let R G be the isometry defined by R = Re^ + Re2- 
It is an isometry because Re^Q2 = = Re^Qi, whereas the ranges of 
ReiQi = Rei and Re2Q2 = Re2 are orthogonal. The range of i? is a 
cyclic subspace given by 



M = RHg = Span{e^ei + C^ne^ ■ W E ¥\G)} = ^cl^ei + ^e^]- 

Thus, LeAi = spanj^ewei + Cewe2 '■ ^ ^ F+(G')} for e G and hence 



Thus W is two-dimensional here with PjW spanned by for i = 1,2. 
In particular, from the proof of Theorem 18. H we see that Ai is the 
direct sum of two minimal cychc subspaces = £^[^61] © 'CG[?e2]- 




e 
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We next derive an explicit characterization of partial isometries in 
£g. We begin with a computational lemma. 

Lemma 8.4. For A G 2g, we have 

(2) R}A - AR} = {R}A^^) O C where s{f) = x. 

Proof. Let A G £g- Then 

a = ai = a{ =^(E(^-®^^+ E ReK)\. 

\x&V{G) ) \ X s(e)=x ) 

Hence for / G E(G'), 

R)A = ^ ® C + E E 

X X s{e)=x 

X 

since R^AR^Rl = R}ReARl = Sj^eAR}. Further, A^^ = Q^A^^ so 
that R}A^^ = when s{f) ^ x. The identity (0) follows. ■ 

Theorem 8.5. Let V be a partial isometry in £,g- Then 



where {?7i}igi are unit wandering vectors for D^g* supported on distinct 
Qx'Hg, and where the series converges in the strong operator topology 
if I is an infinite set. 

Proof. Let 771,772, •• • be an orthonormal basis for the ^Hc-wandering 
subspace W of = VTCg, where each 77, belongs to some Qx'Hg, as 
in the proof of the ^g version of Theorem 18.11 (In fact, it follows 
that the set {?7j}iex is equal to the set of non-zero vectors amongst 
{VC,x ■■ X e V{G)}.) We show that Bi = L*y belongs to £g by 
showing RfBi - BiRf = for all / G E(G) and R^Bi - BiR^ = for 
all vertices x G V{G). From the previous lemma, if s{f) = x, then 

R*fLr^ = [R*fL^^x) ® Cx + Lr^R*f, 

and so 

Rjl; = -ix ® {R)Lr,ixT + 

Consequently, 

RfBi - BiRf = RfL*y - L*yRf = {RfL*, - L*Mf) V 

= ( - ex ® {R}KCxY) V = -Cx® {V*R}L,^Cxy. 



30 



D.W.KRIBS AND S.C.POWER 



As each rji belongs to A^^^ = Qx-M. for some x, we have Lr^Xx = if rji 
is not in A^a;. On the other hand, if r]i & Ai^, then L^-^^ = Vi this 
vector is orthogonal to RjVHg for each edge /. Hence V*R*fL^.^x = 
in this case. So we obtain RfBi — BiRf = for all /. Similarly, 
RxBi — BiRx = for all x since Bi = L*y is a product of operators 
which commute with the projections Rx = Qx- It follows that Bi & £,g- 

We now have L*.V = Bi with Bi G S^g- Also, since the range of L^. is 
contained in the range of V, it follows that Bi is a partial isometry with 
range equal to the range of L*,. But this range is the initial space of 
L^., which is easily seen to be Px when r]i G Aix- Thus PxBi = Bi & £,g 
is a partial isometry with ^x ^ Ran(i?j). We claim that Bi = XPx for 
some |A| = 1. Indeed, there is a vector ^ = B*Bi^, \\^\ \ = 1, such that 
Bi^ = ^x and by considering the Fourier expansion for Bi G S^g "we can 
see that ^ = B*^x = where A = {Bi^x, Cx)- 

Therefore BiC,x = A^^^ so that Sj^u, = R^Bi^x = A^^ for w = xw 
and hence BiPx = XPx- But BiPy = PxBiPy = for y 7^ x, because 
Bi is a partial isometry and otherwise we would have ||5*P^|| > 1 (a 
contradiction since B*Px = XPx)- The claim now follows because 

B, = BJ = Bi{^ Py) = B^P- = 

y&V{G) 

Evidently (L^-L*.)"!/ = AL^. = L^/ where rj^ = Xrji. As the projec- 
tions L„ L* are orthogonal and sum to VV* it follows that 

v = vv*v = Y,L,^L;y = Y^L,.- 

i i 

Finally, each vector 77- is supported on some Qx'Hg from the Beurling 
Theorem. But L^i,^x = QxV'i by definition. Thus, as = L^^ is 
a partial isometry it follows that the vectors {rj^} are supported on 
distinct Qx'Hg- ■ 

As an immediate consequence we obtain the following simple descrip- 
tion of initial projections. This result will be useful in Section 10. 

Corollary 8.6. If V is a partial isometry in £,g, then the initial pro- 
jection of V is given by 

V*V = ^ where I = {x e V{G) : V^x 7^ O}. 

xei 

Lastly, we obtain an inner-outer factorization for elements of £g 
which generalizes the H°° \13\ 116] and cases ^ 131] . Given a 
subset S C V{G) of vertices, define the S -inner elements of £g to be 
the partial isometries with initial projection J2xgs define the 
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S-outer elements to be those elements of Zq with range dense inside 



Corollary 8.7. Every A in £c< factors as A = VB where V is an S- 
inner element of and B is S-outer inside 2g with S = {x E V{G) : 
A^.^0}. 

Proof. Let M = Ran(A) = = ^^Mp and let S = {x e V{G) : 

A^x 7^ 0}. Then there are unit 9^G-wandering vectors rj^ = QxVx for 
X e S such that M = T^^es ^^v.'^g- Let V = T^^es^^v. and 
observe that V*V = E.es^l^.. = Exes P^- Let Bx = L^A for 
X e S and put B = V*A = Ylxes^^- ^^^^'^ ^ = 

that each Bx has dense range in Px'Hg- Further, since the L^^ have 
pairwise orthogonal ranges which span M., it follows that B has range 
dense inside Ex&s Px^g- To complete the proof it suffices to show that 
each Bx belongs to 'iH^q = £,g, and for this we may employ Lemma f8. 41 
as in the proof of Theorem I8.51 

We mention there is also a uniqueness associated with the factoriza- 
tion A = VB = Exes ^vx^x- The factors L^^ and Bx of Ax = L^^Bx 
are unique up to a scalar multiple since the wandering vectors rj G 
Qx{M. Q Ee ®ReM), X E S, are unique up to a scalar. ■ 



In this section we establish a classification theorem for the algebras 
£g by showing that G is a complete unitary invariant for ilc- Our anal- 
ysis also yields a large class of unitarily implemented automorphisms 
of the algebras which act transitively on sets of eigenvectors of 

Theorem 9.1. Let G and G' he countable directed graphs. Then the 
following assertions are equivalent. 

(i) G and G' are isomorphic, 
{ii) £g and Sjq' are unitarily equivalent. 

The proof relies on properties of £g which are interesting in their 
own right. We begin by showing that the family of vertex projections 
is a unitary invariant. For /c > 0, recall that Ek is the projection onto 
span{^^ : \w\ = k}. Hence Eq is the projection onto the vacuum space 
span{^j. : x G V{G)}, and it is clear that 



Exes Px'Hg- 



9. Classification and Automorphisms 



(3) 




xeV{G) 



eGE(G) 
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Hence the rank one projections ® C obtained by compressing to 



since the projections {Qx : x G V{G)} are reducing for 2g- The fami- 
hes {Re : e G E(G)} and {P^ : x G ^(G)} have a similar relationship. 

Lemma 9.2. The projections {Q^ '■ x G V{G)} form the unique max- 
imal family of non-zero pairwise orthogonal irreducible projections for 
2g- The projections {Px : x E V{G)} play the same role for 

Proof. As / = Ylx ®Qx, the projections {Qx} form a maximal family 
of pairwise orthogonal reducing projections for £,g- To see minimality 
suppose Q < Qx is a.n ilc-reducing projection. From equation 
(jH) above, Q commutes with ® Q so the vector ^x either belongs to 
QTic or is orthogonal to it. However, by the £^-invariance of Q 7^ 
there is clearly a ^ = Q^ such that ^x) 7^ 0. Hence ^x € Q'Hq, and 
£G-invariance gives Q = Qx- Thus each Qx is an irreducible projection. 

To observe uniqueness of the family, suppose projections {Qj} form 
another maximal such family. The Qj are non-zero projections in 
2!q = y^G, hence by Corollarv 14 . 61 each Qj belongs to the hnear span of 
the family {Qx}- Thus Qj is equal to the sum of a subset of these pro- 
jections, and by the irreducibility of Qj, it follows that in fact Qj = Qx 
for some x. Maximality of the Qj family ensures every Qx is obtained 
in this manner. It follows that the family of projections Qj must actu- 
ally be the family of Qx- The same proof works for and the family 



Our next step is to show how the number of directed edges between 
pairs of vertices in G can be computed in terms of £,g aiid the vacuum 
vectors. Let £,q be the woT-closed two-sided ideal of £,g generated by 
the Le; 



Consideration of Fourier expansions in £,g shows that every A G -Cg 
satisfies {A^x, ^x) = for each x, and in fact this condition characterizes 
£,Q. This ideal helps to identify the directed graph structure of G from 
the algebra £,g- 

Lemma 9.3. Let ayx be the number of directed edges e = yex in G 
from vertex x to vertex y. Then 




egE(G) 



{P.}- 



= (Le : e G E{G)) . 



(5) 



ayx = imik{PyE,Qx) = dim Py{£.Ux Q {S.^'gYCx) 
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Furthermore, the ideal £^ may be computed as the set 

S.% = {Ae£G : A*C. = for xeV{G)}. 

Proof. The family {Py, Ei, Q^} is mutually commuting, hence the pro- 
jection PyEiQx acts on basis vectors by PyEiQ^^^ = Ei^y^x- Thus it 
is the range projection for the subspace 

PyEiQ^Hc = span{^e : e = yex}. 

This yields the identity ay^ = rank^PyEiQ^). From the preceding dis- 
cussion, every A G 2q has an expansion of the form A ~ X]|«)|>i (^wLw, 
and acts on basis vectors by A^^ = J2\w\>i '^w^wv It follows that the 
subspace 

^G^x = span{^^ : s{w) = x and \w\ > 1}, 

whereas 

(HqY^x = span{^^ : s{w) = x and \w\ > 2}. 
Therefore we have the subspace equalities 

Pyi^G^xO {^%y(.x) = spaii{^y, : w = ywx and |«;| = 1} 

= PyElQx'Hc- 

To see the alternate description of SPq in terms of vacuum vectors, 
notice that if A ~ Yli\w\>i'^wLw belongs to SPq, then clearly A*^^ = 
for X G V{G). On the other hand, if A ~ a^iLy^ belongs to £0 and 
A* annihilates each vacuum vector, then 

Q = {ix,A*i,) = {Ai^,i,)=ax for x G ^(G), 

and A belongs to ■ 

We now prove the classification theorem. The proof makes use of 
Theorem 19.41 which we present below because of its independent in- 
terest. But notice that this theorem is not needed for the special case 
of graphs with no loop edges at vertices; in this case Proposition 17.21 
shows that the ideal SPq is invariant under unitary isomorphism. 

Proof of Theorem \9.1\ If G and G' are isomorphic, then there is a 
relabelling map between the vertices and edges of the graphs which 
clearly induces a unitary operator between Tic and T-Lc- This unitary 
intertwines the generators {Lg, Px} of £g with the generators {I/e', P'x} 
of £g/, and a fortiori the algebras SLq and are unitarily equivalent. 

Conversely, suppose there is a unitary operator U : T^g' '^G foi' 
which U*2oU = Hq'. Without loss of generality, we may assume that 
Tic = Tie'- By Lemma 19.21 the family {Px} is a unitary invariant of 
£g; hence the number of vertices in G and G' is the same and we 
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may assume, perhaps after reordering, that U*PxU = P'^ for each x in 
V{G) = V{G'). Further, under this unitary equivalence the vacuum 
vectors for 2g' are mapped to eigenvectors for But Theorem 19 .41 
shows that these vectors may be moved to the vacuum vectors C,x by a 
unitary which implements an automorphism of £g- In particular, we 
may also assume that U^'^ = for each x. It remains to show that the 
number Uyx of directed edges e = yex in G is equal to the number a'^^ 
of directed edges e' = ye'x in G', for all x,y E V{G) = V{G'). This 
readily follows from Lemma 19.31 and our above assumptions; indeed, 
we have = and 



a'yx = dim 



dim 



u*p,{£Uxe{^%yQ 



OiyX ■ 



Therefore the directed graphs G and G' are isomorphic. ■ 

The proof of the classification theorem relies on the existence of cer- 
tain unitarily implemented automorphisms of 2,g which we now discuss. 
Let z/ = i'x,x = PxQx^\,x be an eigenvector for the algebra IH^, as given 
in the version of Theorem 17.31 fsee Remark 17. 4p . We show there is 
an automorphism of £g which is implemented by a unitary which maps 
v\^x to vq^x = ^x- This transitive action of unitary automorphisms was 
obtained for free semigroup algebras by Davidson and Pitts [lOj and 
our proof is an elaboration and generalization of their analysis. 

Recall first that in the case of the free semigroup algebra £„ and its 
commutant algebra with eigenvector i] for the lH„-wandering 
subspace A4 for the £H„-invariant subspace {f]}'^ has an orthonormal 
basis consisting of n vectors {r]i, . . . , rjn} say. Also recall that if a vector 
rj is IHn-wandering then one can define the isometry in S^g by the 
specification L^^^ = Ruji] for all words w. The desired automorphism 
in this case is in fact effected by the correspondence Lg. —>■ L^., for 
1 < i < n, where ei, . . . , e„ are the n loop edges of the free semigroup 
graph. Using only the fact that the wandering space for Ad is n- 
dimensional, we shall develop a similar argument from first principles to 
define the desired automorphism of £g- There are some complications 
in the new setting. In particular, to capture all the generators we must 
consider more than the wandering subspace for {z^}"*". 

For the next theorem we use the following notation. The set Wx 
is the collection of words in the loop edges at vertex x, and TCx is 
the closed span of the basis vectors for w in Wx- Also we identify 
Hx with the Fock space for and identify the generators Li, . . . , L„ 
(respectively . . . , Rn) of (respectively with the restrictions 
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Le|-w^ (respectively Relux) the n edges e with xex = e. In particular, 
from our earlier notation we have n = a^x- 

Theorem 9.4. Let G he a countable directed graph, and let v = i'x,x = 
QxPx^\x be an eigenvector for ^Kq. 

(i) The subspace 

is yic-invariant with wandering subspace basis {r]e : e e E(G)} 
where r]e = if r{e) ^ x, where rje = Rei' if r(e) = x and 
s(e) 7^ X, and where {r]^, : xex = e} is a basis for the IK^- 
wandering subspace of 

{v}^ n Hx for {Rj} = {Reln^ ■ xex = e}. 

(ii) The correspondence e L.^^, and x — > gives a purely atomic 
free partial isometry representation of G satisfying the mul- 
tiplicity one condition at each vertex, and the correspondence 
Lf, — i> Lrj^ extends to an automorphism of £,g ■ 
(Hi) Let Se = L^i^, for e G E(G), and Sy = Ly for y E V{G). Then 
there is a unitary operator W defined by 

- / ^('^)^ ^fs{w) = X 
""^^ \ w{S)^y tfs{w) = y,y^x. 

Furthermore, AdVF(Le) = WL^W* = Se for e G E{G) and 
Ad W is the automorphism of £g given in (ii) . 

Proof. Choose rj^-^, . . . , rj^^ to be an orthonormal basis (possibly count- 
ably infinite) for the £H„-wandering subspace of {y}'^ H Tix, and let T^e, 
for the other edges of G, be specified as in {i). We claim this basis 
spans the 9^G-wandering subspace for M. which is ( ®Re.M)- 
Indeed, from the definition of M. it is easy to see that each of the three 
types of basis vector belong to this wandering subspace. On the other 
hand, by the choice of rje for e with e = xex it is not hard to see that 
all the non-zero vectors of the form RwTje give rise to an orthonormal 
basis for M.. Thus the wandering subspace for M. has orthonormal 
basis {rje : e G E(G)}. Further, each rje is supported on a particular 
Qx, hence the decomposition Jvl = X]eeE(G) ©^cf^e] really is the de- 
composition of A4 into minimal cyclic subspaces indicated in the 
version of Theorem 18.11 (see Remark 18. 2|) . 

We establish (n) and (Hi) together. The operators 5*6 = L,,,. have the 
defining property Se^w = RwVe, for all w in F+(G). It follows that Se is 
a partial isometry with initial projection Py = Ly where s(e) = y since 
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Ve = Qy??e- Moreovei, the final projection of Se is tlie space D^cl^e] by 
design and so, by our construction of tlie basis it is clear that 

SeS: = Py-Cy®Cy, for V^X, 

r(e)=y 
r(e)=x 

It now follows that the map e ^ Se, y Sy = Ly gives a free partial 
isometry representation of G satisfying the multiplicity one condition 
considered in Proposition K14I and that the generators {Se, Ly} are mu- 
tually unitarily equivalent to the generators {Le,Ly} by the unitary 
W. 

It remains to show that the unitary automorphism AdW{X) = 
WXW* satisfies AdW{2G) = that is, that the unitary automor- 
phism Ad W of B{T-C) restricts to an automorphism of S^g rather than 
an endomorphism. Using the gauge automorphisms of SectionlHl at this 
point in the proof we can easily follow the free semigroup approach (see 
|10] . Remark 4.13). Indeed, the algebra 21 = Ad W{2:,g) is contained 
in £g, and hence uq^^ = is an eigenvector for 21*. Since 2t is unitarily 
equivalent to £g, there is a non-zero /i such that Wv^^^ = ^j,.. Hence 
we can apply the above argument again to obtain another unitary W 
for which AdW'W{Le) = S'e, where the S'e are determined as above 
by an orthonormal basis B for the wandering subspace of the subspace 
r\x{C,x}^- Let U he a unitary in Um which intertwines the orthonormal 
set {^e : e G £((7)} with the vectors of B, in such a way that UPy = Py 
for each y. Then it follows that AdlVW = 9u, the gauge automor- 
phism of £,G determined by U. Consequently, the two endomorphisms 
of £g must actually be automorphisms. ■ 

We can immediately deduce the corresponding classification of the 
norm-closed algebras generated by the generators of £,g- Let us denote 
this algebra, which is a non- commutative version of the disc algebra, 
as Ag- In the case of a finite directed graph this algebra was studied 
in the general framework of tensor algebras over correspondences by 
Muhly and Solel [28, 29j , but the basic classification question was not 
considered. Recall that Ag and Ag' are star-extendibly isomorphic 
if there is an isomorphism Ag Ag' which is the restriction of a 
(necessarily unique) C*-algebra isomorphism C*{Ag) — * C*(^g')- 

Corollary 9.5. Let G, G' he countable directed graphs. Then the fol- 
lowing assertions are equivalent. 

(i) G and G' are isomorphic. 
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(ii) Ag and Ac are unitarily equivalent. 

Also, if each vertex of G, G' has finite degree then a star- extendible 
isomorphism between Ac and Ah is unitarily implemented. 

Proof. If Ag and Ag' are unitarily equivalent, then so are their WOT- 
closures and so the equivalence of (i) and (ii) follows from Theorem l9.1l 
For the final assertion note that C*{Ag) contains the collection of com- 
pact operators K G BiH) such that KQ^ = QxK for all vertices x. 
Indeed, for x G V{G) and words v = vx, w = wx in F+(G'), equation 
(121) shows that the rank one projection 



belongs to C*{Ag)- Note that the summation here is finite. Thus 
it follows that the isomorphism C*{Ag) C*{Ag') is unitarily imple- 
mented, and hence the restriction to Ac produces a unitary equivalence 



We finish this section with an example which may clarify some of 
the subtleties of Theorem 19.41 

Example 9.6. Let G be the directed graph with vertex set V{G) = 
{xi,X2} and edges Cj = xiCiXi for i = 1,2, 63 = X2e3Xi, and 64 = 
Xie4X2. Let u = z/a,i = PiQit^x,i be an eigenvector for 9^^. In this 
case A4 = {t^}^ f]{^2}^ ■ The orthonormal basis for the wandering 
space of A4 from the theorem is given by rje^ = since 63 = ^263, 
r^e^ = Re^^iy since 64 = xie4X2, and {rje^jTje.^} is a basis for the 
wandering subspace of {i^}^ H Hi, where TCi = span{^^ : w G Wi} is 
identified with the Fock space for £2 and 9^2, and Wi the set of words 
in ci, 62- Thus, as in the theorem we have Ai = X^Li ®^G[^eJ- 

The basis B in the proof will form an orthonormal basis for the 
wandering space of {^i}"*" H {^2}"*", which is span{^e : e G E(G')}. From 
the construction outlined in the statement of the theorem, this basis 
will also have each of its vectors fully supported on some Pj. A gauge 
unitary U of the type used in the proof will be determined here by a 
unitary U E which fixes and 1^64 and is allowed to scramble the 
subspace sp3Ji{^e-^, ^^2}- 



Lv i^x ® Cx) 



'w 




eeE(G) 



with A, 
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10. Partly Free Algebras 

We now determine in graph-theoretic terms when an operator alge- 
bra 2,G contains the free semigroup algebra £2 as a subalgebra. More 
generally, let us say that a woT-closed operator algebra 21 is partly free 
if it contains the free semigroup algebra £2 as a subalgebra in the sense 
of the following definition. 

Definition 10.1. A woT-closed algebra 21 is partly free if there is an 
inclusion map £2 21 which is the restriction of an injection between 
the generated von Neumann algebras. If the map can be chosen to be 
unital, then 21 is said to be unitally partly free. 

These notions parallel somewhat the requirement that a C*-algebra 
contain C2, or that a discrete group contain a free group. Theo- 
rems 111). 51 and ll(J.6l determine when the algebras £g are partly free 
and unitally partly free. We first set aside two results which have 
intrinsic interest. 

Lemma 10.2. Let t] G QxT^g be a unit yKc-wandering vector. Suppose 
that Lr/L* < L*Lri. Then r] = J2u ^uCu o^nd for each u 7^ xux, = 0. 
That is, T] is supported on basis vectors corresponding to words forming 
cycles at the vertex x in G. 

Proof. Since rj belongs to Qx'Hg, it follows that L*L^ = P^., whence 
rj = L^i^x £ Px by assumption. Further, the non-zero vectors among 
Lrj^u form an orthonormal set, hence 

u u 

Thus if a^t 7^ then ||L^^„|p = 1. In particular, S,u belongs to the 
initial space of which is L*^Lr{HG = Px'Hg- Thus r{u) = x, but 
since 77 = au^u is in Qx'Hg we also have s{u) = x when a„ 7^ 0. It 
follows that u = xux for all u with 7^ 0. ■ 

The cycle algebras 2,c'„ from Example 16.51 give the motivational sub- 
class of infinite-dimensional algebras which are not partly free. 

Lemma 10.3. The cycle algebras £c„; 1 < n < 00, do not contain 
pairs of partial isometrics U, V which satisfy condition (Hi) of Theo- 
rem \lU.R 

Proof. This readily follows from the matrix function theory description 
of the cycle algebras £,c'„ since a similar fact holds in the algebras 
H°° (8> A^n and their direct sums. This in turn follows from elementary 
Toeplitz operator theory, or from the fact that these algebras possess 
a natural faithful trace. ■ 
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We now define the graph-theoretic notions we require. Recall that 
a cycle in a directed graph is minimal if it is not a power of another 
cycle. 

Definition 10.4. We say G has the double-cycle property if there are 
distinct minimal cycles w = xwx, w' = xw'x over the same vertex x in 
G. We say G has the strong double- cycle property if for every vertex x 
in G there is a directed path from x to a vertex lying on a double-cycle. 

Theorem 10.5. The following assertions are equivalent for a countable 
directed graph G with a finite number of vertices. 
{{) G has the double- cycle property, 
(ii) 2g is partly free. 

(iii) There are non-zero partial isometrics U, V in £,g with 
u*u = V*V, UU* < U*U, VV* < V*V, U*V = 0. 

Proof. For (i) =^ (ii), observe that if w, w' are cycles of minimal length 
at vertex x, and vu ^ w\ then we may take U = L^, V = L^i to define 
an injection of £2 into £g. Since {ii) clearly implies {iii)., it remains 
to establish the implication {iii) =^ {i). 

By Theorem 18.51 we have the initial projection U*U = V*V equal to 
the sum of certain Pi = P^.. Without loss of generality let us assume 

(6) U*U = V*V = Pi + ... + Pk. 

We establish {i) by induction on k. 

For k = 1, observe that Lemma 110.21 gives a double-cycle over xi 
when U*U = V*V = Pi. Indeed, suppose by way of contradiction, 
that G fails to have the double-cycle property. As A; = 1, Theorem 18.51 
gives U = and V = L^i. (Observe that there is at least a single loop 
edge over xi since U and V are non-zero.) By Lemma fl(J.2l we deduce 
that for some minimal cycle w (possibly a single loop edge) both 77 and 
Tj' belong to the subspace 

Hw = span{^^., : m = 1, 2, . . .}. 

But can be identified with H^, and is then identified with the 
unilateral shift on H^. Consider the subspaces 

Hr, = span{/2^77 : m > 0} and if^' = span{i?^?7' : m > 0}. 

Since these are non-zero invariant subspaces for the multiplicity-one 
unilateral shift L^It^^,, it follows from the classical Beurling theorem 
for that they have non-empty intersection. This contradicts the 
hypothesis, since Hn C Ran(L^) and Hri' C Ran(L^/). 

Let k > 2 and assume {iii) =^ {i) holds for m = 1, . . . ,k — 1; that 
is, G contains a double-cycle whenever £,g contains a U,V satisfying 
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{iii) for which U*U = V*V is a sum of at most k — 1 projections Pi. 
Let S = {xi, . . . ,Xk} be the vertices corresponding to the projections 
Pj in ©. We may assume that every vertex x G iS has the property 
that a directed path in G leaves it for another vertex in S. For if 
X G 5 was a vertex without this property, then UPx = PxUP^ and 
VPx = PxVPx would be non-zero partial isometrics in £g with pair- 
wise orthogonal ranges and initial projection P^ containing their final 
projections. Thus, by the k = 1 case, G would contain a double-cycle. 

Now fix X G iS for the moment and consider a directed path w in 
G that has initial vertex x and final vertex in S, and passes through 
a maximal number of vertices in S without going through the same 
vertex in S twice. Let y G 5 be the final vertex of w = ywx. We know 
there is a path from y to another vertex z in S, but by maximality w 
must pass through z. Consequently, there is a subset ^ C 5 of vertices 
which lie on a cycle. Let us assume this cycle does not cross itself, and 
further assume there are no paths in G outside the cycle which have 
both initial and final vertices belonging to the set of vertices which 
form the cycle (otherwise G would clearly contain a double-cycle). 

Then ^ is a proper subset of S. To see this, suppose A = S, and 
let P be the projection which is the sum of all P^ for which x is a 
vertex on the cycle. Then by the assumptions on A in the previous 
paragraph, the algebra PS^gP will consist of operators in £g which 
have non-zero Fourier coefficients only for basis vectors corresponding 
to words whose letters are edges in the cycle. Let Pq = J2xeA — ^■ 
Then evidently P2.g\phg unitarily equivalent to S^Cn some n, 

and PU\pHa = PoUPoIpho = UIphc PVIpHo = PoVPoIphc = V\pHa 
would yield a pair of partial isometrics in £,c„ satisfying condition (Hi). 
But this cannot happen by Lemma 111). 31 Thus A must in fact be a 
proper subset of S. 

Let B, C, V be the subsets of S which make up the complement of A 
consisting of respectively: final vertices of paths with initial vertices in 
A] vertices for which there is a path that leaves it and ends at a vertex 
in A; and vertices in S for which there are no paths to or from vertices 
in A. Thus S\A = BUCUV. We can assume that B is non-empty. For 
otherwise, there would be no edges which emerge from the cycle graph 
of A and the above reduction argument can be applied, together with 
the fact that the cycle algebras are not partly free, to view U and V as 
elements of 2h where H is the graph obtained when the sink vertex set 
B is removed. But from the definition of V, there are no directed paths 
from a vertex in i3 to a vertex in V. Further, there are no paths from 
S to C by the assumptions on A. Thus there are no paths in G from 
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B to any of A, C, or V. Let P = J2x€B projections 
corresponding to vertices in B. Then t/P = PUP, VP = PVP are 
non-zero and P is the sum of strictly less than k of the P^j's. Hence by 
induction G has a double- cycle. 

Therefore we conclude that G does indeed contain a double-cycle 
when condition {in) holds, and this completes the proof. ■ 

We next establish the unital version of the previous theorem. 

Theorem 10.6. The following assertions are equivalent for a countable 
directed graph G with a finite number of vertices. 

(i) G has the strong double-cycle property, 
{ii) £g is unitally partly free. 
{Hi) There are isometrics U , V in £g with 

U*V = 0. 

Proof. Condition {ii) clearly implies {Hi). For {Hi) =^ (z), notice 
that in the proof of Theorem 110.51 we actually showed that from every 
vertex x G V{G) with Px < U*U = V*V, there is a directed path into a 
double-cycle. Thus, in this case, we may apply this argument to every 
vertex in G since U*U = V*V = I = Ylix^viG) particular, G 

satisfies the strong double-cycle property when {Hi) holds. 

We next establish {i) =^ {Hi) and {i) =^ {ii) together. Thus suppose 
G satisfies the strong double-cycle property. Fix a double-cycle in G 
and let B be the (maximal) collection of all vertices which lie on paths 
going into or on this double-cycle. Let x be a vertex in B which belongs 
to the given double-cycle. Then there are minimal cycles wi = xwix ^ 
W2 = XW2X. Let ¥2{wi,W2) be the set of all words in the generators 
Wl, W2 and consider the subspace 

Ti-^uwi = span{^^,^^ : w G ¥^{wi,W2)}. 

Fix a positive integer k such that 2^^ > 2\B\. Amongst the 2*^ words 
of length k in ¥2{wi,W2), choose a set of cardinality 2\B\ and label 
elements of this set by {uy '' : y G B,i = 1,2}. For every y & B there 
is a path Vy such that Vy = xvyy. For y E B and i = 1,2 let vuy^ 

be the path Wy '' = Uy\y. Observe that each of the partial isometrics 
L (i) has initial projection L* ^^-^L = Py. Further, the entire family 

y '^y y 

of operators {L^(i) : y E B,i = 1,2} have pairwise orthogonal ranges 
by design. Thus it follows that the operators 

f/s = 5^©L^a) and Vs = J2®Ki-^ 
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are partial isometries in Sic with mutually orthogonal ranges contained 
in TCiui,w2 initial projections satisfying 

U*^Us = J2Py = V^VB. 

y&B 

Now let Si, . . . , be a maximal family of disjoint sets of vertices of 
G, where each of these sets is obtained in the same manner as the above 
set B. (Choose B\ as B was chosen, then obtain B2 in a similar manner 
from V{G) \ Bi, et cetera.) Since the strong double-cycle property 
holds for G, the disjoint union UiBi = V{G). Let [/g^ , . . . , f/gd 
Vsi , ■ ■ ■ , be partial isometries obtained as in the construction of 
the previous paragraph. Then the operators {Usi^VB^ '■ ^ ^ i, j ^ d} 
have pairwise orthogonal ranges with initial projections satisfying 

Therefore it follows that the operators U = Y^f=i®UB^ and V = 
X]j=i are isometries in which have mutually orthogonal ranges, 
and hence condition [iii) holds. Finally, the map which sends the two 
generators of £2 to U and V induces an injection of £2 into £g, and 
(n) holds. This completes the proof. ■ 

Remark 10.7. In the finite graph case it is clear from the proof of 
Theorem 110. (il that the family of paths which determine the partial 
isometries in the sums defining U and V can be chosen so that 
they all have the same length. Hence it follows that G has the strong 
double-cycle property precisely when the transpose graph satisfies 
the entrance condition from |29j (c.f. Definition 5.8), used as a con- 
dition which guarantees the existence of isometries with mutually or- 
thogonal ranges in the commutant. Thus in the finite graph case of 
Theorem I1U.6I we have proved this entrance condition on G* is actu- 
ally equivalent to the existence of isometries with mutually orthogonal 
ranges in the commutant. 

We finish with a brief discussion of hyper-refiexivity. Given an op- 
erator algebra 21, a measure of the distance to 2t is given by 

(3^{X)= sup WP^XPlW, 

LGLat2l 

where Pl is the projection onto the subspace L and Lat 21 is the lattice 
of invariant subspaces for 21. Evidently, /3<s,{X) < dist(X, 2t), and the 
algebra 21 is said to be hyper-reflexive if there is a constant C such that 
dist(X,2l) < Cp^iX) for all X. 
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The list of known hyper-reflexive algebras is short, but growing. See 
m ini IZl ini for examples appearing in the hterature. For the algebras 
hyper-reflexivity was established by Davidson for 2i = H°° [7j, and 
by Davidson and Pitts for the free semigroup algebras n > 2 |H] . In fT] 
Bercovici introduced a general method motivated by the case, and 
lowered the upper bound for the distant constant. In particular, 
he proved that an algebra is hyper-refiexive with distant constant no 
greater than 3 whenever its commutant contains a pair of isometrics 
with orthogonal ranges. 

Corollary 10.8. Let G be a countable directed graph with finitely many 
vertices for which the transpose graph G* satisfies the strong double- 
cycle property. Then He is hyper-reflexive with distant constant at 
most 3. 

Proof. From Lemma [4. II the commutant £^ = IKg' is unitarily equiva- 
lent to £(^4, which contains a pair of isometrics with pairwise orthogonal 
ranges by the previous theorem. Thus the result follows from a direct 
application of Bercovici's result. ■ 

Remark 10.9. Using Corollarv ll . 81 and separate arguments for graphs 
without the double cycle property in the transpose graph it can be 
shown that £g is hyper-refiexive for every finite graph [iTj- It would 
be interesting to have a characterization of general 'hyper-refiexive 
graphs', although this is likely to be a deep problem. 
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